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Abstract 

The complete local classification and geometric description of n-dimensional submanifolds F n with 
recurrent nonparallel second fundamental form in the spaces of constant curvature M n+P (c) are 
obtained in this article. 



Introduction 

Let F n be the n-dimensional (n > 2) smooth submanifold in (n + p)-dimensional (p > 2) 
space of constant curvature M n+P (). We denote by b the second fundamental form F n , by V 
the connectedness of Van der Varden — Bortolotti. b is called parallel, if V6 = 0. Numerous 
articles have been devoted to the studying of submanifolds with V6 = 0. The syrvey of those 
main results we can see in [1, 2]. 

According to the definition of the recurrent tensor field [3, 6. 279] the nonzero form b 
is called the recurrent one, if there exists 1-form u on F n such that V6 = fi ® b. We will 
say that F n belongs to the set Tib if F n has recurrent the second fundamental form b. The 
submanifolds F n from the set Tib in Euclidean space E n+P were being studied in [4]. In 
this article we classify the submanifolds F n from the set Tib in spaces M n+P (c). The set Tib 
includes all submanifolds with parallel the second fundamental form but not only those ones. 
For example, the product of the plane curve 7 C E 2 with curvature k\ 7^ and [n — 1)- 
dimensional space E n ~ l is cylindrical hypersurface F n = 7 x E n ~ l C E n+1 belongs to the 
set Ti h [4]. 

For each point x E F n we denote by T x F n and T^F n tangent and normal spaces of 
F n at x respectively. According to [5] we will say that F n carries, in arbitrary domain 
U C F n the conjugate system {L^ 1 , . . . , L 1 ^ 1 } (£4 + . . . + k m = n, dimL^ = ki, i = l,m), 
if T y F n = L\ x {y) © . . . © L%?(y) at each point y E U, all distributions L\\ % = l,m, are 
smooth, involute and mutually conjugate. Moreover, if is mutually totally orthogonal 
then the conjugate system is called the orthogonal. Submanifold F C F n is called the surface 
of curvature F n if, at every point x E F, its tangent subspaces T X F are proper subspaces of 
matrixes of the second fundsmental form b with respect to arbitrary normal £ E T x L F n . 
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The main result of this article is 

Theorem 1. Let F n in M n+P (c) belongs to the set IZ b . If, at point x G F n , V6 7^ then 
x belongs to a certain domain U C F n , where 

1) F n carries the orthogonal conjugate system {L\, L^ 1 } ; 

2) F n is direct Riemmanian product Fl x F£~ of maximal integral submanifolds Fl, 
F2" 1 distributions L\, Lg -1 , respectively; 

3) Fl [i = 1,2) is the line of curvature, F£~ l , where n > 2, is the surface of curvature 
of submanifold F n in M n+P (c). 

From theorem 1 we obtain the following statement on geometric structure of submanifolds 
from the set TZf,. 

Theorem 2. Let F n be n- dimensional submanifold in simply connected space M n+P (c). 
If F n belongs to the set TZb and Vfe 7^ at each point x G F n then F n is join of closures of 
its domains which 

1) is open part of direct Riemmanian product Fl x F 2 n_1 of curve Fl with curvature 
k\ 7^ const and (n — 1) -dimensional intrinsically planar totally geodesic in F n submanifold 

2) is contained in some (n+1)- dimensional totally geodesic submanifold M n+1 C M n+P (c). 



1 The equations of submanifolds of the set 7Z . 

Denote by g Riemmanian metric on M n+P (c), by g induced Riemmanian metric on F n , by V 
and V Riemmanian connectedness on M n+P (c) and F n coordinated with g and g respectively. 
The second fundamental form b defines by the equation [6, c. 39]: VxY = Vx^ + K^i Y) for 
any vector fields X, Y tangential to F n . Denote by D normal connectedness F n in M n+P (c). 
For any vector field £ noraml to F n , we have: Vx£ = —A^X + DxC,, where is the second 
fundsmental tensor corresponding to £. 

For any vector fields X, Y, Z tangential to F n , and vector field £ normal to F n , we have: 

g(b(X,YU) = g(AtX,Y), (1) 

(V x b)(Y, Z) = D x (b(Y, Z)) - b(V x Y, Z) - b(Y, V X Z), (2) 

(VxA^Y = Vx(A^Y) - A^VxY) - A Dx ^Y, (3) 

g((V x b)(y,Z),t)=g((V x A i )Y,Z). (4) 

Denote by R and R 1 - the curvature tensors of connectednesses V and D respectively. The 
equations of Gauss, Peterson — Codacci and Ricci if F n is submanifold in M n+P (c) takes the 
following forms respectively [6]: 

g(R(X, Y)Z, W) = c(g(X, W)g(Y, Z) - g(X, Z)g(Y, W)) + 
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+g(b(X, W), b(Y, Z)) - g(b{X, Z),b(Y, W)), (5) 

C7 x b)(Y,Z) = (V Y b)(X,Z), (6) 

g(R ± (X,Y)£,T,)=g([At,A v ]X,Y) (7) 

for any X, Y, Z,W G TF n and £, rj G T ± F n , where TF n and T L F n are tangent and normal 
bundles on F n respectively. 

F n belongs to the set lZb if and only if, on F n , there exists 1-form [i such that for any 
X, Y, Z G TF n 

(V x b)(Y,Z)=fi(X)b(Y,Z). (8) 
Equation system (5) — (8) determines submanifolds F n of the only set TZb in M n+P (c). 



2 The structure of submanifolds from the set 7£&. 

Before proof of teorems 1, 2 we consider some proposals. 

Let {e;}i be the field of basises in TF n . We denote by S and R\ Ricci form and Ricci 
tensor in connectedness V respectively. For any vector fields X, Y tangent to F n form S is 
defined by the following equation S(X, Y) = Y% =1 g(R(ei, X)Y, e«), operator R\ satisfies the 
following equation S(X,Y) = g(RiX,Y). Submanifold F n is called Eisenstein, if R\ = XI, 
where / is identical transformation, A is Eisenstein constant. 

Lemma 1. Let F n in M n+P (c) belongs to the set TZ h . IfVb^O at each point x G F n 
then F n is Eisenstein with Eisenstein constant A = c(n — 1). 

Proof. Let {n a }i be the field of orthonormalized basises in T^F 71 . Assume A a = A ria . 
We denote by H the vector of mean curvature of F n : H = H a n a , nH a = traced . From (5) 
using (1) we obtain: 

S(X, Y) = c{n - l)g(X, Y) + ng(H, b(X, Y)) - £ g(A a X, A a Y) 

VX, Y G TF n . (9) 
We will show that, on F n , holds the equation 

ng(H, b(X, Y)) = £ g(A a X, A a Y) VX, Y G TF n . (10) 
Notice that using (6) and (8) we have 

g (b(X, Y), (V Z 6)(V, W)) is symmetric by X, Y, Z,V,W G TF n and therefore using (4), on 
F n , we have: 

ng(H, (V z b)(X, Y)) = £ g(A a X, {V Z A C ){Y)). VX, Y, Z G TF n . 
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Then using (8) we obtain the equation 

H(Z) (ng(H, b(X, Y)) - ]T g(A a X, A a Y)^j =0 VX, Y, Z G TF n . 

Since \x 7^ then from the above equation we get (10). We use (10) and we obtain from (9) 
that for any X, Y G TF n S(X, Y) = c{n - l)g(X, Y). Lemma is proved. 

Denote, in T^F n , linear subspace N (x) = G T^F n \A i{x) = 0}. Denote by N^x) 

orthogonal complement N (x) in T^F n : T^F n = N (x) © Ni(x). Ni(x) is called the first 
normal space of submanifold F n in x. Dimension Ni(x) is called the point codimension F n 
in x. Notice that at each point x G F n 

n(n + 1) 
dimNi(x) < mm{p, }. 



Lemma 2. Let F n belongs to the set TZj,. IfVb^O at point x G F n then dim Ni(x) = I. 



Proof. Assume that dim Ni(x) ^ 1 at the given point x. Since b ^ then dim Ni(x) > 1 
and therefore there exist vectors ti,t 2 ,H,t^ £ T x F n such that vectors b(ti, t 2 ), &(^3> £4) G 
T^F n are not collinear. Consider linear combination of vectors: /J>(ti)fJ,(t 2 )b(ts, £4)— l^{tz)^{ti)b{ti 
Using (6) and (8) we have: ^{ti)^{t 2 )b{t z ,t A ) - y u(t 3 ) / u(t 4 )fe(ti, t 2 ) = ^(^1)^(^3)^2,^4) - 
/i(t 3 ) / u(t 4 )b(ti, i 2 ) = A t (^4)A*(^3)^(^2, ^i) — ^(^3)^(^4)^(^11 ^2) — 0. Using linear independence 
of vectors b{t\,t 2 ),b{t^,t^ we have n{t\) ii{t 2 ) = M^M^O = 0. Then for Vt G TJr-F™ 
fi(t)b(t 1 ,t 2 ) = n{ti)b{t,t 2 ) = a*(*2)&(*» *i) = °- Therefore, /i(t) = 0, Vt G T x F n contradicts to 
the following condition Vfe 7^ 0. Lemma is proved. 

We say that F n carries planar normal connectedness, if i? -1 e on F". The last condition 
is necessary and sufficient for the following: submanifold F n in M" +P (c) has n principal 
directions at any point [6, c. 99]. 

Lemma 3. Let F n in M n+P (c) belongs to the set 1Z b . IfVb^O at any point x G F n then 
F n carries planar normal connectedness. 

Proof follows from lemma 2 and equations (7). 

Let N be (/-dimensional distribution putting the correspondence for each point x G 
F n some (/-dimensional subspace N(x) G T ± F n . We say that N is parallel in normal 
connectedness, if for any normal vector field £ G N the covariant derivative Dx£ G N 
for all X G TF n . 

Consider, on F n , distributions A and Ai such that A (x) = N (x), Ai(x) = Ni(x). 

Lemma 4. Let F n in M n+P (c) belongs to the set TZb- If Vfo 7^ at any point x G F n then 
A and Ai are parallel in normal connectedness. 



4 



On submanifolds with recurrent second fundamental form in spaces of constant curvature. 



Proof. Using lemma 2 we get for any point x G F n dimiVi(a;) = 1. Let £ be the 
unit normal vector field generating the distribution A ± . Let {Xj}™ be the field of basises of 
tangential vectors in TF n . Therefore N ± (x) = span{b(Xi(x), Xj(x)}™ j=1 Vx G F n . From 
(2), using (8) we have: 

D x .(b(Xj,Xk)) = (VxMX 3 ,X k ) + b(V Xl X v X k )+b(X v V Xl X k ) = 

= MX)6(X„X fe ) + b(W Xi Xj,X k ) + b(Xj, V Xi X k ) G Ax. 

Therefore D x (b(Y, Z)) G A x VX, Y, Z G TF n and hence D x ^ G Ai Vie TF n . Moreover, 
the field £ is parallel in normal connectedness D. Since #(£,£) = 1 then g(D x ^,^) = 
VX G TF n . Therefore, using the fact A x is one-dimensional distribution we obtain the 
equality D x ^ = VX G TF n . We add £ into the field of orthonormalized basises {n a }i 
in T L F n assuming £ = ni. Then the fields n 2 , . . . ,n p generate distribution A . We have: 
g(£,n p ) = 0, p = 2~p. Hence g(£,D x n p ) = VX G TF n , p = 2~7p and therefore 
D x n p G A VX G TF n , p — 2, p. Moreover without loss of generality we assume that the 
normals n 2 , . . . , n p are parallel in normal connectedness D. Lemma is proved. 

Proof theorem 1. From lemma 2 we get that in some neighborhood 0(x) C F n of 
point x there exists unit vector field £ G T ± F n such that vector fields b(X, Y) are collinear 
£ for fj6}K,e X, F G TF n . We add £ into the field of orthonormalized basises {n a .} p l fj T ± F n 
assuming ^ — n\. Then using the fact that is symmetric linear transformation, from (9) 
we have 

S(X, Y) = c(n - l)g(X, Y) + g(A ( X, F)trace^ - g{A\X, Y) 

VX, Y G TF n . 

Then using lemma 1 we obtain 

#(traceA^X - A\X, Y) = VX, F G TF n . 

Hence 

(traceA^ - Aj)X = VX G TF n . (11) 

From lemma 3 we have the fact that F n has at each point y G 0(x) n principal directions. The 
principal directions are mutually orthogonal and conjugate, and therefore are eigenvectors 
of operator A$. Consider orthonoralized basis {^j™ G T y F n consisting of eigenvectors of 
operator A^ y y Denote by fcj the eigenvalue of operator A^ corresponding to the eigenvector 
tf A^ y )ti = kiti, i — 1, n. Assume nh = Y^ =1 kj. Then from (11) we get: nhki — k\ — 0, i — 
1, n. That is each ki is root of quadratic equation k 2 — nhk = 0. Since A^ ^ then we assume 
ki — . . . — k m — nh ^ 0, k m+ i — . . . — k n — 0, where 1 < m < n. Since nh = Y7j=i kj then 
nh = mnh and therefore m — 1. 

Denote, in 0(x), two distributions Li and L 2 as: at any point y G 0(x) 

Li(y) = {t G T,F"|^ (?/) = kit}, L 2 (y) = {t G r y F"|^ (l/) = 0}. 



■5 



Irina I. Bodrenko. 



We will show that L\ and L 2 are differentiable distributions. Assume Xi, X 2 , . . . , X n are 
differentiable vector fields tangent to F n such that X 1 and X 2 , . . . ,X n at the point x are 
basises for Li(x) and L 2 (x) respectively. Denote vector fields Y 1 ,Y 2 , . . . ,Y n as: 

Y 1 = A i X 1 , Yi = - hI)X i: i = 2~H. 

Then using (11) we obtain 

A{Yi = AjX l = k 1 A 6 X l = hY u 

A 6 Y t = A^ - kiI)Xi) = {A\ - hA 6 )X t = 0, t = 2^i. 

Therefore Y 1 belongs to Li, and Y 2 , . . . , Y n belong to L 2 . Since Yi, . . . ,Y n are linearly independent 
at point x and hence in some domain U C 0(x) then Li and L 2 have, in U, local basises Y 1 
and Y 2 . . . , Y n respectively. 

We will show that L\ and L 2 are involute. Using (4), we write (6) as: 

(VxA^Y = (V Y A^X VX, F G TF n . (12) 

Using (3) we have for any X, Y G TF n 

Az([X, Y]) = A^V X Y - VyX) = A^VxY) - A^VyX) = 

= (VyA^X - (V x Az)Y + V X (A^Y) - W Y (A^X) + A DH X - A Dxi Y. 
Then using (12) we have the following equality 

Az([X, Y}) = Wx(A^Y) - Vy(A^X) + A DH X - A Dxi Y VX, Y G TF n . (13) 

From lemma 4 we have that field £ is parallel in normal connectedness, i.e. D x £ = VX G 
TF n . Therefore, from (13) for such £ we obtain: 

A i ([X,Y]) = Vx(A € Y)-VY(A i X) VX, Y G TF n . (14) 

If vector fields X, Y G L\ then using the fact Li is one-dimensional distribution we assume 
X = vY\, Y = pY\ for some functions v, p. Then from (14) we get 

Az([X,Y}) = Vx(A^Y) - Vy(^X) = Wx(hY) - Vy(fc 1 X) = 

= h(V x Y - VyX) + X(h)Y - Y(h)X = 
= h(V x Y - VyX) + uY 1 (k 1 )pY 1 - P Y l {k 1 )vY 1 = h[X, Y\. 

Therefore [X, Y] G L x for any X, Y G L x . 

If vector fields X, Y G L 2 then using the fact A^X = VX G L 2 and (14) we obtain the 
equality A € ([X,Y]) = 0. Hence [X, Y\ G L 2 VX, F G L 2 . 

It is clear that Li,L 2 are mutually orthogonal and conjugate, i.e. 

g(X, Y) = 0, b(X, Y) = VX G L l5 VF G L 2 . (15) 
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T y F n = Li(y) ®L 2 {y) at any point yeU. 

Hence, in domain U, distributions Lx,L 2 form orthogonal conjugate system. Statement 
1) of theorem is proved. 

In order to complete the proof of statement 2) we will show that distributions Li and L 2 
are parallel in connectedness V. Notice 

Y(k 1 ) = 0, VYG L 2 (16) 

Since b(X, X) = hg(X, X) VX G L x then 

(V Y b)(X,X) = Y(k 1 )g(X,X) VXeii, VF G TF". (17) 

On the other hand taking into account the fact that from lemma 3 we have R 1 - = 0, using 
(2) and equations (6), (8) for any 1,7 6 TF n we obtain: 

(W Y b)(X,X) = (V Y b)(X,X) = (V x b)(X,Y) = fi(X)b(X,Y). 

Hence, granting (15) we get 

(y Y b)(X,X)=Q VXgFi, VFgL 2 . 

Sa'iae>K,H,nn su6K)KliH,»y<K, equality fj (17), saieuh'iae a (16). 

Distributions L\ and L 2 are parallel in connectedness V, if respectively 

V Z I G Li MX G Li,yZ G TF n i V Z Y G L 2 \/Y G L 2 ,\/Z G TF n . (18) 

Let X G Li, Y G L 2 . At first we prove that VyX G L 1 , V X Y G L 2 . From (14) we have: 
Az(V Y X - V X Y) = Vy(A e X) - Vx(^F) = V Y {kiX). Hence using (16) we obtain: 

A^VyX -V x Y) = hV Y X VXgLi, V7GL 2 . (19) 

We represent vector fields V Y X and as: VyX = Z\ + Z 2 , Vx^ = V\ + V 2 , where 

^,14 G L u Z 2 ,V 2 G L 2 . Then 

A^VyX - V X Y) = A^Z X -V 1 + Z 2 - V 2 ) = 

= A^Z X - V-y) + A ( (Z 2 - V 2 ) = h(Z, - V x ). 
On the other hand from (19) we get: 

A i (V Y X-V x Y) = k 1 (Z 1 + Z 2 ). 

Therefore, Z 2 — 0, V\ — 0. Hence 

VyXGLi, V x YeL 2 VXeLi, V7GL 2 . (20) 

Then from (15) for VZ G TF ra the following equality holds g{V z X, Y) + g(X, V Z Y) = 0. If 
Z E Li then using (20) from the last equation we obtain g(V z X, Y) = 0. Similarily for Z G 
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L 2 we have g(X,VzY) = 0. Therefore the following conditions hold: V zX G L\ WZ G L\ 
and V Z Y G L 2 VZ G L 2 which with (20) bring to (18). 

Therefore, in domain U, we can introduce coordinates (u 1 , . . . , u n ) such that vector fields 

_d_ .. _d_ _d_ 

du l dv? ' ' " du n 

generate distributions Li and L 2 respectively. Moreover, 

1?) =«<(""-■•"")■ 9 (^3= o - ^'=^' (2i) 

Then, in domain £/, F n is direct Riemmanian product of maximal integral manifolds and 
F 2 ~ l distributions L x and L 2 respectively: F n = x F 2 n_1 . Statement 2) of theorem is 
proved. 

The proof of statement 3) is completed by the following 

fc (^'^) = * l( " 1)9ll(u% 

K«H u ^~ n - (22) 

Theorem is proved. 

Note. In domain U determined by the conditions of theorem 1 1-form jj, = d\n\H\. 

According to [2, p. 33] we will call submanifold F n locally reducible, if in some neighbourhood 
of any its point F n carries the orthogonal conjugate system {L^ 1 , . . . ,L^} (m > 2) such 
that all distributions L^,i — l,m are parallel in connectedness V. Otherwise submanifold 
F n is called nonreducible. 

From theorem 1 we have 

Corollary. Let F n be irreducible submanifold in M n+P (c). If F n belongs to the set IZb 
then F n has parallel the second fundamental form b. 

Lemma 5. In domain U, determined by the conditions of theorem 1 there exists the field 
of orthonormalized basises {n a }i in T L F n parallel in normal connectedness D and such that 
rip = const, p — 2, p. 

Proof. Consider in domain U the field of orthonormalized basises {n a }\ in T ± F n : normal 
vector fields n-y — £ and n 2 ,...,n p generate respectively distributions Ai and A . Using 
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lemma 4, without loss of generality we assume that all normals n a ,a = l,p are parallel in 
normal connectedness D. Then in U using the fact A p = 0,p = 2,p, we have: 

V x n p = 0, VXGTF", p = Xp. (23) 

Lemma is proved. 

Lemma 6. In domain U determined by the conditions of theorem 1, the exist local 
coordinates (v 1 , v 2 , . . . , v n ) such that vector fields 

d 



const, i — 2, n. 



Proof. Introduce in domain U the local coordinates (u 1 , u 2 , . . . , u n ) such that vector 
fields 

d _d_ _d_ 

du 1 * du 2 '"' du n 

generate distributions L\ and L 2 ~ l respectively. Then components of fundamental quadratic 
forms of F n , in U, take the form (21), (22), and from equations (5) we obtain 

R(X, Y)Z = VX, Y, Z E TF 2 n_1 . (24) 

Therefore, in domain U we can introduce the local coordinates (i* 1 , v 2 , . . . , v n ): 

v 1 =u 1 , v l = v l (u 2 , . . . ,-u"), i = 2~n, 

in which 

cV'^j =0 ' 9 {d*>M) =Si " hJ= ^ (25) 
where 5ij is Kronecker symbol, 

/ d d \ ( d d \ 



Using (25) and (26), in domain U, we have: 



V X7 f- = VX G TF n , i = 2, n. (27) 



Lemma is proved. 
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Proof theorem 2. Let x be arbitrary point in F n . Then x is in some domain U C F n 
where the conditions of theorem 1 hold. Let, in domain U, the field {n CT }i is determined by 
lemma 5, and the local coordinates (v 1 , v 2 , . . . , v n ) are determined by lemma 6. Introduce, in 
M n+P (c), in neighborhood of point x, the local coordinates (y 1 , . . . , y n+p ). Then F n is given 
locally by the following equation system 

y a = y a (v\...,v n ), a = T~nTp. 

From (27) we have that, in domain U, the following conditions hold: 

dy a m 

— — = dz = const, % — 2, n, a — 1, n + p. 

dv l 

Then F n , in C/, can be given by the following equations: 

n 

y a = z a {v l ) + d >^ d ? = const ' i = Xn, a= l,n + p. (28) 

i=2 

Equations f 1 = = const and v % = Vq = const, i — 2, n determine, in U, submanifolds i^™" 1 
and F± respectively. From the equality (24) we get that F%~ x is internally planar in F n . 
Since b(X, Y) = VX, Y E TF?" 1 then F%~ 1 is completely geodesic in F n . The statement 
1) of theorem is proved. 

Proof of statement 2) we will do separately for every case: c = 0, c > 0, < 0. 

Case 1. c = 0, i.e. F n C £' n+p . Introduce, in i? n+p , the Cartesian coordinates (x 1 , . . . , a:™ +p ), 
g a b = S ab , a, b = l,ra + p. Let 

r = {x V, v 2 , . . . t/ 1 ), . . . , x n+? V, v 2 , . . . v™)} 

be radius vector of arbitrary point x & U. Then using (23), in domain U, we have 

V x g(r,n p ) =g{X,n p )+g(r,V x n p ) =0 VIgTF", p = 2^. 

Hence, 

(?(r, 7i p ) = c p = const, n p = const, p — 2, p. 

I.e. U is contained in some (n + 1)— dimensional plane E n+1 C E n+P normal to vectors 
n 2 , ...,n p . 

Moreover, using (28) represent radius vector r as: 

n 

r(v\v 2 ,...,v n ) = R(v 1 )+J2v t d l , 

where 

R{v l ) = {z'iv 1 ), z^iv 1 )}, di = {d], . . . , = const, 



g(di,dj) = S i:j , ij = 2,n. 
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Therefore, in domain U, using (25) for any vector X = X k -J^ we have: 

V x g (R, = g (J^, d)j = g X 1 = i = 2^. 

Hence 



^ (R, di) = bi = const, i — 2, n. 

Therefore radius vector R of curve is contained in some 2-dimensional plane E 2 C £" n+1 
normal to vectors c?2, • • • , d n . Then without loss of generality we have: 

r{v\v 2 , ...,v n ) = {x 1 ^ 1 ), x 2 ^ 1 ), v 2 , ...,v n ,0,...,0}. 

I.e. U is open part of direct Riemmanian product F± x E n ~ x C i? n+1 C £ ,n+p of curve 
F\ C -E" 2 and (n — l)-dimensional plane E n_1 . 

Case 2. c> 0. Consider M n+P (c) as hypersphere S n+P (^) in E n+P+1 of radius ^ with 
center at origin of coordinates. Denote by b the second fundamental form S n+p (-^=) rj E n+P+1 : 

b = y/cg. Let (x 1 , . . . , x n+p+1 ) be the Cartesian coordinates in E n+P+1 , g* b = S ab , a,b — 
l,n + p + 1 be Euclidean metric and V* be Euclidean connectedness in E n+P+1 . Let r be 
radius vector of point x G U in _E n +P +1 . Denote by n the unit normal at x on <S" l+p (^) in 
E n+P+1 such that n = —y/cr. In domain [/, for any X G TF ra we get: 

= Vxn CT + b(X, n a ) = V x n a + \fcg{X,n c ) = V x n a , a = l,p. 

Then using (23) we have: 

V* x n p = Vie TF n , p = %p. (29) 
I.e. n p = const, p = 2~7p, h" £ n+p+1 . Using (29) for any X G TF n we obtain: 
V* x g*(r, n p ) = g*(X, n p ) + g*(r, V* x n p ) =0, p = 2^. 

Therefore, 

<7*(r, n p ) = c p = const, n p = const, p = 2,p. (30) 

Consequently any point a; G U is contained in (n + 2)-dimensional plane E n+2 C _E n +P +1 
normal to vectors n 2 , . . . , n p and parallel to vector n, and therefore passing through the origin 
of coordinates. 

Hence U C S n+1 (^) = S n+P {±) n E n+2 . 

Case 3. c < 0. Let be (n + p + l)-dimensional Minkowski space with coordinates 

(xo,Xi, . . . ,x n+p ). Pseudo-Euclidean metric g* is determined as in [7, §48]: 

n+p n+p 

9* = J2 9*ab dx adx b = -dxl + dx l- 
a,b=0 a=l 
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Let V* be connectedness in E™ +p+1 coordinated with g* . Consider M n+P (c) as pseudosphere 
#n+ P (_y ^ E± +p+1 . Submanifold H n+P {-^) C E" +p+1 is given as: 

n+p y 

-xl + J2 x l = ~, x >0. 

a=l C 

Let x be arbitrary point of domain U C F n C H n+P (^=). Let r be radius vector of point 

x in Without loss of generality we can assume that r has the following coordinates: 

xo = -j=,xi = ■ ■ ■ = x n+p = 0. Let n be normal to H n+p (—!=) in x such that n = y^cr 
and g*(n, n) = — 1, i.e. n is imaginary unit vector of axis Oxq. Then 



Consequently as in the case 2 we obtain the conditions (30). Therefore any point x e U is 
in (n + 2)-dimensional Minkowski space i?"" 1 " 2 containing the vector n. Hence 

u c #l t+2 n # n+p (-^=) = H n+1 

Theorem is proved. 
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